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Adiabatic passage of collective excitations in atomic ensembles
Y. Li, Y. X. Miao, and C. P. Sun
Institute of Theoretical Physics, The Chinese Academy of Sciences, Beijing 100080, China
We describe a theoretical scheme that allows for transfer of quantum states of atomic collective exci-
tation between two macroscopic atomic ensembles localized in two spatially-separated domains. The
conception is based on the occurrence of double-exciton dark states due to the collective destructive
quantum interference of the emissions from the two atomic ensembles. With an adiabatically coher-
ence manipulation for the atom-field couplings by stimulated Ramann scattering, the dark states
will extrapolate from an exciton state of an ensemble to that of another. This realizes the transport
of quantum information among atomic ensembles.
PACS number: 03.67.-a, 71.36.+c, 03.65.Fd, 05.30.Ch, 42.50.Fx
I. INTRODUCTION
In quantum information processing (QIP), the physi-
cal implementations of quantum memories and quantum
carriers can be considered as one of the biggest challenges
for physicists. Since photons are manifested to be ideal
carriers of quantum information in many experiments,
more attentions are paid to investigations on ideal stor-
age systems of quantum information recently. In usual,
quantum memories not only allow the transport of un-
known quantum states among separated locations with
short access times [1], but also possess the nature avoid-
ing quantum decoherence, namely, one can isolate them
completely from environmental interactions and control
their coupling to a necessary extent. To satisfy these ba-
sic requirements, the collective excitations of symmetric
internal states of an atomic ensemble [2] have been stud-
ied extensively as a very attractive candidate for this in
last years [3–6]. For this quantum memory realized by
atomic ensemble, despite the seemingly insurmountable
difficulties (such as the quantum leakage due to the in-
homogeneous coupling of external fields [7] and quantum
decoherence induced by the center of mass (C.M.) motion
[8]), there may be a hope to overcome them by consider-
ing that the existence of equivalence classes of collective
storage states will reduce the enhanced sensitivity of the
collective memory to environmental interactions.
In this paper we will work on the problem how to
transport quantum information between two atomic en-
sembles in direct way other than the current aspect how
to store quantum information. As an indirect way to
solve this problem, a significant contribution by Duan
et al. [9] is that, using two un-correlated linear polar-
ized lights to couple two non-correlated atomic ensem-
bles, the entanglement between the two atomic ensem-
bles can be created after a non-local Bell measurement
for the circular polarization mode based on the Stokes
variables mixing linear polarization mode. Then, the
quantum communication between two atomic ensembles
can be implemented. Recent experimental success [10]
clearly demonstrates the power of such an atomic en-
semble based system for entangling macroscopic objects
as the so-called canonical teleportation defined for arbi-
trary pair of canonical variables [11] beyond the usual
coordinate and momentum. Our direct way to communi-
cate quantum information between two atomic ensembles
does not depend on any post-selective measurement.
The quantum memories in our protocol are also the
certain collective quantum states of two atomic ensem-
bles, which describe the collective low excitations of two
clusters of atoms confined in two well-separated well po-
tentials. It is found that, for the two excited atom sys-
tems interacting with a single mode quantized light field,
there exist double-exciton dark states decoupling with
light field, which extrapolate from an exciton state of an
ensemble to that of another. To change the effective cou-
plings of atomic ensembles to the light field adiabatically
through a Ramann light stimulation [12], one can trans-
fer a single exciton state of one ensemble to another. In
mathematical formulation, the double-exciton dark state
is quite similar to the polariton state in the atomic en-
semble storage scheme of photon Fock state [3–6], but
the physical difference is rest on that our double-exciton
dark state does not contain any variable of light photon.
This paper is organized as follows. In section 2, we
propose our protocol of transfer of the collective excita-
tions of atomic ensembles and deduce its corresponding
model Hamiltonian in a simplified way. The transfer of
quantum information in terms of collective atomic states
is depicted in section 3 as the time evolution governed by
the adiabatically manipulated Hamiltonian. In section 4
the exact solution to the adiabatic dynamics is given in
the macroscopic limit by defining the double-exciton dark
states.
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II. MODEL FOR TWO ATOMIC ENSEMBLES
WITH TWO TUNABLE COUPLINGS
In our protocol the total system (Fig. 1) involving
two atomic ensembles is localized in two far-separated
places, the left and right one containing Nl and Nr two-
level atoms respectively. These two clusters of atoms
are coupled to a light field with coupling coefficients gl
and gr. To implement our scheme, it is most important
for the experimental setup to require that the effective
strengths gl and gr of light field coupling can be var-
ied relatively or independently. This requirement shows
the drawback of a naive scheme using the practical two-
level atom with direct coupling between atom and light
field: since the same single mode light interacts with two
atomic ensembles at the same time, one can not change
the relative effective coupling strengths of field with two
atomic ensembles. Thus, it is impossible to reach our
goals by changing the coupling directly. In the following
we will use the equivalent two-level system deduced from
the practical three-level atoms stimulated by Ramann
scattering.
Cavity
Atom
Laser
FIG. 1. Illustration of the system: two 3-level atomic en-
sembles consisted of the identical atoms are located in a quan-
tized cavity and coupled to two classical laser field, respec-
tively.
For conceptual simplicity we here assume that each
atom used in practice only has three energy levels as
shown in Fig. 2. There are two meta-stable lower states
(|g〉 and |e〉) and an auxiliary state |a〉. The transition
|a〉 → |g〉 of each of these atoms in both wells is coupled
to a same quantized radiation mode with Rabi-frequency
Ω and frequency ω while the transitions |a〉 → |e〉 of the
atoms in the left (right) well are driven by a classical con-
trol field of Rabi-frequency Ωl (Ωr). Moreover, we also
assume that the detuning between |g〉 and |a〉 with re-
spect to the quantized light is the same as that between
|e〉 and |a〉 with respect to the classical light. Then, we
can write down the single atom Hamiltonians in the in-
teraction picture
HIs = [Ω|g(s)〉a† +Ωs|e(s)〉]〈a(s)|e−i∆t + h.c. (1)
for s = l, r. Here, a† is the creation operator of the
quantized field. Due to the stimulated Ramann effect
for large detuning ∆, the effective Hamiltonians can be
obtained as
Hs = −|Ω|
2
∆
a†a|g(s)〉〈g(s)| − |Ωs|
2
∆
|e(s)〉〈e(s)|
−[ΩΩ
∗
s
∆
|g(s)〉〈e(s)|a† + h.c.] (2)
by an adiabatic elimination of the upper level |a〉. This
just realizes an equivalent two-level atom system with
the excited state |e〉 and ground state |g〉 with effective
coupling
gs = −ΩΩ
∗
s
∆
, s = r, l. (3)
gs can be set real by adding a proper phase to |g(s)〉 or
〈e(s)|. In this sense, the effective coupling strengths gl
and gr or their ratio (relative effective coupling strength)
can be well controlled independently. If the level differ-
ence between |e〉 and |g〉 is ωa, the effective level differ-
ences of the equivalent two-level atoms in the left and
right well are
ωs = ωs(a
†a) = ωa +
|Ω|2
∆
I − |Ωs|
2
∆
,
where s = r, l and I = a†a is regarded as the density
of the quantized light. In most cases we can neglect the
Stark shifts |Ω|
2
∆ and
|Ωs|2
∆ .
Generalization to multi-mode field and multi-level
atoms is straightforward. Let the left and right well con-
tainNl andNr atoms respectively. Then, the many-atom
Hamiltonian is given by
H =
1
2
ωl
Nl∑
j=1
σ[j]z (l) +
1
2
ωr
Nr∑
j=1
σ[j]z (r) +
ωaa
†a+ {a[
Nl∑
j=1
glσ
[j]
+ (l) +
Nr∑
j=1
grσ
[j]
+ (r)] + h.c.}. (4)
Here, we have defined the quasi-spin ladder operators
σ
[j]
+ (s) = |e(s)〉jj〈g(s)| and σ[j]− (s) = [σ[j]+ (s)]† and the
population inversion operator σ
[j]
z (s) = |e(s)〉jj〈e(s)| −
|g(s)〉jj〈g(s)| in terms of the excited and ground states
|e(s)〉j and |g(s)〉j (s = l, r) in the two wells. It is noticed
that, for simplicity, the coupling constants Ω,Ωl and Ωr
between the atoms and the fields are assumed to be equal
for all atoms in the well.
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FIG. 2. Illustration of the scheme for adiabatic transport
of collective excitations. The right figure shows the equivalent
two-level atom induced by Ramann Scattering of a three-level
atom.
When all atoms are prepared initially in the symmet-
ric ground state |gl〉 = |g1(l), g2(l), . . . gNl(l)〉 and |gr〉
= |g1(r), g2(r), . . . gNr(r)〉, the nth excited state of the
system can be described by symmetrizing the effects of
n flips of different atoms from |gj(s)〉 → |ej(s)〉. In fact,
they are the totally symmetric Dicke-states
|e(s)〉 = 1√
Ns
Ns∑
j=1
|g1(s), . . . , ej(s), . . .〉,
|e2(s)〉 = 1√
2Ns(Ns − 1)
Ns∑
i6=j=1
|g1(s), . . . ei(s), ..., ej(s), . . .〉, (5)
.....................
III. ADIABATIC TRANSFER OF COLLECTIVE
EXCITATIONS
To get the basic idea for our quantum state transferring
mechanism via adiabatic manipulation, we first consider
the special case of the above model: there is only one
atom in each well. For such a system of two atoms in-
teracting with a single mode light field, there exists an
asymmetric two-atom state, the dark state
|d(gl, gr)〉 ∼ cos θ|e(l), g(r)〉 − sin θ|g(l), e(r)〉 (6)
decoupling from the light vacuum field, which is a special
eigenstate of the atom-field system [14]. Here, the mixing
angle is defined by tan θ = glgr . Due to the destructive
quantum interference between the two transitions from
the two atoms in this state, the so-called emission trap-
ping occurs, namely, no emission transmits from such a
state. Furthermore, by changing the coupling strengths
gl and gr sufficiently slowly, the mixing angle θ can be
rotated from 0 to π/2. According to the quantum adi-
abatic theorem, if the total system is initially prepared
in the dark state |d(gl, gr)〉, the adiabatic following will
determine the quantum state transfer from |e(l), g(r)〉 to
−|g(l), e(r)〉. This mechanism for adiabatic transfer is
the basis of our scheme to transport quantum states from
an atomic ensemble to another.
Motivated by the above conceptions for the two-atom
case, the immediately following problem is to find the
dark state for the many-atom case, we write down the
collective quasi-spin operators:
Sβ(s) =
Ns∑
j=1
σ
[j]
β (s) (7)
(β = ±, z; s = l, r). Correspondingly the mixing collec-
tive operators
ϕ =
cosα√
Nl
S−(l)− sinα√
Nr
S−(r) (8)
and
φ =
sinα√
Nl
S−(l) +
cosα√
Nr
S−(r) (9)
can be defined to depict the double excitation in two
atomic ensembles where the mixing angle α is defined
by tanα = gl
√
Nl
gr
√
Nr
. In terms of these mixing collective
operators, we can define the double excitation of the two
atomic ensembles by
|D(n)〉 = |D(n, gl, gr)〉 = 1√
n!
ϕ†n|gl,gr〉, (10)
where the ground state |gl,gr〉 =|gl〉 ⊗|gr〉 ⊗ |0〉p is the
total ground state, (|0〉p shows that there is 0 photon in
the light vacuum field) and
|eml , enr 〉=
1√
Nml N
n
r m!n!
Sm+ (l)S
n
+(r)|gl,gr〉 (11)
represents the m atom excitations in the left en-
semble and n atom excitations in the right one
(with 0 photon in the light vacuum field) with
|em
l
, en
r
〉 =|em(l)〉⊗|en(r)〉⊗|0〉p. Now we can show the
central result that |D(n)〉 is approximately a dark many-
atom state, namely, it is cancelled by the interaction
Hamiltonian
HI = g(aφ
† + a†φ)
or
HI |D(n)〉 ≃ 0,
where g =
√
g2lNl + g
2
rNr. In fact, it is easy to check the
commutation relation
[ϕ†, φ] =
1
2
sin 2α[
Sz(l)
Nl
− Sz(r)
Nr
]
and the limit behaviors
Sz(l)
Nl
→ −1, Sz(r)
Nr
→ −1
for very large Nl and Nr in the low excitation case that
most atoms occupy the ground state. Then, [ϕ†, φ] → 0
and thus
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HI |D(n)〉 ∼ φϕ†n|gl,gr〉 ∼ ϕ†nφ|gl,gr〉 = 0.
With the above observations, we can describe our
scheme about the transport of quantum information car-
ried by the quantum state of atomic ensemble in a quite
similar way to the well-known scheme for the storage of
photon information by atomic ensemble. For the reso-
nance case in the interaction picture, as the eigenstates
of HI with zero eigenvalue, the dark states |D(n)〉 are
degenerate for n = 0, 1, 2, .... Adiabatic changes of the
two classical light fields through Ωl,r can induce the in-
dependent variances of the effective coupling constants
gl and gr. This can result in the asymptotic behavior of
the dark states by varying the mixing angle α from 0 to
π/2, which physically corresponds to two limit cases:
gr
√
Nr ≫ gl
√
Nl; gl
√
Nl ≫ gr
√
Nr.
In this process, the number of excitons in the dark state
|D(n)〉 is an adiabatic invariant and thus the adiabatic
following along |D(n)〉 leads to the collective quantum
state varies from
|D(n, gl = 0, gr = 1)〉 = |enl , e0r 〉 =|em(l)〉 ⊗ |0〉p
to
|D(n, gl = 1, gr = 0)〉 = |e0l , enr 〉 =|en(r)〉 ⊗ |0〉p.
If the initial quantum information stored in the
left ensemble is described by the density matrix
ρˆl =
∑
n,m ρnm |en(l)〉〈em(l)|, the adiabatic trans-
fer process generates a same quantum state of col-
lective excitations in the right atomic ensemble ρˆr =∑
n,m ρnm |en(r)〉〈em(r)|. In fact, the adiabatic evolu-
tion of the total state
ρˆ(gl, gr) =
∑
n,m
ρnm|D(n, gl, gr)〉〈D(m, gl, gr)| (12)
in the interaction picture just extrapolates between two
factorized states
ρˆ(gl = 0, gr = 1) = ρˆl ⊗ |gr〉〈gr| ⊗ |0〉pp〈0| (13)
and
ρˆ(gl = 1, gr = 0) = |gl〉〈gl| ⊗ ρˆr ⊗ |0〉pp〈0|. (14)
Since ρˆl and ρˆr possess the same single exciton density
matrix, one may say the quantum information has been
transported from the left atomic ensemble to the right
one.
Like the problem in the scheme of atomic ensemble
storage of photon quantum information [15], there still
exist two problems, quantum decoherence due to the in-
teraction with environment and quantum leakage due to
inhomogeneous coupling of the classical (and quantum)
fields [7], [8]. The former can be partially solved by
considering that there are equivalence classes of collec-
tive storage states besides the non-degenerate symmetric
state with maximum Js =
Ns
2 and the transitions to them
do not affect the reading-out of collective quantum state
of exciton in right ensemble to which the quantum in-
formation is transferred. The fact was found recently by
Fleischhauer et al as a key element to overcome decoher-
ence in atomic ensemble quantum information processing
[4]. Our present model can be used to illustrate this inter-
esting idea by the introduction of non-symmetric single
excitation states
|ek(s)〉 = 1√
Ns
Ns∑
j=1
e
2ipijk
Ns |g1(s), . . . , ej(s), . . . , gNs(s)〉
(15)
for k = 0, 1, 2, .., Ns − 1 and the corresponding collective
excitation operators
Sβk(s) =
1√
Ns
Ns−1∑
j=0
e
2ipijk
Ns σ
[j]
β (s) (16)
for k = 0, 1, 2, ...Ns−1 (β = ±, z; s = l, r). For very large
Ns, we have a complete set
{bk(s) = lim
Ns→∞
1√
Ns
S−k(s)|k = 0, 1, ..Ns − 1} (17)
of boson operators. There are Ns fault-tolerant equiva-
lence classes Cn :
{
Ns−1∏
k=0
b†mkk (s)ϕ
†n|0〉|mk = 0, 1, ...Ns − 1} (18)
which containN2s−1 elements besides the non-degenerate
symmetric state with maximum Js. The transporting
process of the quantum state does not distinguish among
those states. A physical explanation of these equivalence
classes is given in terms of quasi-particle excitations.
Only excitations of double dark-state exciton modes with
specific wave vectors couple to the quantum field. Exci-
tations of other excitons by b†mkk do not affect the quan-
tum state transporting. Hence, from the point of view
of quantum memory, all collective atomic states with the
same number of ϕ† excitations are equivalent. Then, tak-
ing this equivalence into account, one can see that the
equivalence class will compensate the
√
Ns enhancement
of decoherence [7], [8].
IV. QUANTUM DYNAMICS IN MACROSCOPIC
LIMIT
In the macroscopic limit with very large atomic num-
bers Nl and Nr, the two central results in this paper will
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be given in this section: (1) ϕ and φ define bosonic ex-
citations cooperating between the two atomic ensembles.
(2) The collective Fock state |D(n)〉 becomes a dark state
decoupling from the quantized light field.
To illustrate them, we first consider the general ob-
servation about the classical limit of the quantum an-
gular momentum operators J = (J1, J2, J3). It was al-
ready noticed that, when the total angular momentum
J approaches infinite, algebra su(2) gives a representa-
tion of the usual bosonic Heisenberg algebra by defining
the boson operators according to b = limJ→∞ J1−iJ2√2J ,
b† = limJ→∞ J1+iJ2√2J . The above limit is taken under the
low excitation condition that J−J3 is finite. The detailed
argument was given recently for the exciton-polariton
problem in semiconductor microcavity [13]. Considering
that Sβ(s) =
∑Ns
j=1 σ
[j]
β (s) gives a spinor representation
of angular momentum with Js =
Ns
2 , the classical limit
of angular momentum can be realized as the macroscopic
limit with Ns → ∞. In this limit, we have the indepen-
dent excitations described by bosonic operators
bl = lim
Nl→∞
S−(l)√
Nl
, br = lim
Nr→∞
S−(r)√
Nr
. (19)
Then the above defined double collective excitation can
be described by the canonical transformations
ϕ = bl cosα − br sinα,
φ = bl sinα + br cosα, (20)
of two boson modes bl and br. The two quasi-boson op-
erators satisfy the independent bosonic commutation re-
lations
[ϕ, ϕ†] = 1, [φ, φ†] = 1,
[ϕ, φ] = [ϕ†, φ†] = 0
for very large Nl and Nr. This is an approximation up
to the order of O( 1Ns )(s = l, r). It is noticed that the
ground state |gl,gr〉 can become the vacuum |0〉 for bl
and br, (|gl,gr〉 = |gl〉 ⊗|gr〉 ⊗ |0〉p ≡|0〉l ⊗|0〉r ⊗ |0〉p
= |0〉), and also for ϕ and φ equivalently.
To show the second observation that |D(n)〉 is a dark
state with double excitons, we write the effective Hamil-
tonian as
H = ωaa
†a+ ωlb
†
l bl + ωrb
†
rbr
+a(gl
√
Nlb
†
l + gr
√
Nrb†r) + h.c. (21)
in the macroscopic limit by ignoring the constant form.
When the Stark shifts are neglected, we have ωl = ωr = ǫ
and
H = ωaa
†a+ ǫ(φ†φ+ ϕ†ϕ) + gaφ† + h.c.. (22)
In this case, the excitation ϕ decouples with the quan-
tized field and the complementary excitation φ. It is ob-
vious that double-exciton dark state |D(n)〉 = 1√
n!
ϕ†n|0〉
can be cancelled by the interaction partHI = gaφ
†+h.c..
In this limit, we can exactly solve the quantum dy-
namics for entangling the collective excitations of atomic
ensembles with the quantized light filed. To this end,
we regard this entanglement as a reading-out process of
quantum information stored in the atomic ensemble. To
describe the coherent transfer of the quantum informa-
tion from atomic ensembles to the quantum light field
in our scheme, we consider the dressed excitation by the
bosonic polariton operators
A = a cos
ϑ
2
+ φ sin
ϑ
2
,
B = −a sin ϑ
2
+ φ cos
ϑ
2
(23)
and rewrite the total Hamiltonian in terms of the canon-
ical modes of polariton as
H = ΘN̂ + Ξ(A†A−B†B) + ǫϕ†ϕ. (24)
Here ,
N̂ = A†A+ B†B,
Ξ =
√
(
ω − ǫ
2
)2 + g2, (25)
Θ =
ω + ǫ
2
, tanϑ =
2g
ω − ǫ .
We consider the case that the coupling parameters of
the total system do not change. Let there be no pho-
tons in the quantized mode |0〉p and all the atoms be
coherently prepared in the left well with the initial state
|S(η)〉l = eiηSy(l)/
√
Nl |gl,gr〉 ⊗ |0〉p (26)
by a collective Rabi rotation. Here, we have defined
Sy(l) =
∑Nl
j=1 σ
[j]
y (s). The atom number Nl =
√
η pos-
sesses a minimum uncertainty. It can be approximated
by a coherent state
|η〉l = exp[η(b†l − bl)]|0〉 (27)
in the macroscopic limit, where |0〉 = |0〉l ⊗|0〉r ⊗ |0〉p.
In order to calculate the evolution of the state |η〉l, we
first get the Heisenberg equations of motion of operators
from the Hamiltonian Eq.(24)
•
A (t) = −i(Θ + Ξ)A(t),
•
B (t) = −i(Θ− Ξ)B(t), (28)
•
ϕ (t) = −iǫϕ(t),
which give
A(t) = A(0) exp[−i(Θ + Ξ)t],
B(t) = B(0) exp[−i(Θ− Ξ)t],
ϕ(t) = ϕ(0) exp[−iǫt]. (29)
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Together with Eqs.(20) and (23), one can write down the
operator
bl(t) = ϕ(0) exp[−iǫt] cosα
+A(0) exp[−i(Θ + Ξ)t] sin ϑ
2
sinα (30)
+B(0) exp[−i(Θ− Ξ)t] cos ϑ
2
sinα.
Since the Hamiltonian of the system is bilinear, we have
U(t)|0〉 = exp(−iHt)|0〉 = |0〉. Therefore, driven by the
classical lights, the total system with the initial state |η〉l
will evolve into a factorized state with three approximate
components of coherent state
|η, t〉 = U(t)|η〉l
= exp{η[b†l (−t)− bl(−t)]}|0〉
= |ηf(t)〉l ⊗ |ηg(t)〉r ⊗ |ηh(t)〉p , (31)
where
f(t) = cos2 α exp(−iǫt) + sin2 ϑ
2
sin2 α exp[−i(Θ + Ξ)t]
+ cos2
ϑ
2
sin2 α exp[−i(Θ− Ξ)t],
g(t) = {− exp(−iǫt) + sin2 ϑ
2
exp[−i(Θ + Ξ)t] (32)
+ cos2
ϑ
2
exp[−i(Θ− Ξ)t]} sin 2α
2
,
h(t) = −i sinϑ sinα exp(−iΘt) sin(Ξt).
While the second component corresponds to the coher-
ence tunnelling of the collective internal excitation from
the left ensemble to the right one, the third term presents
the evolution of the quantized light field entangled with
the collective excitation of atomic ensembles. As a con-
sequence, the effective increasing η2|α(ϕ, t)|2 of photons
in the quantized light mode can record the information
concerning the transfer of collective excitations in atomic
ensembles.
V. SUMMERY
In conclusion we have discussed the idea of the
double-exciton dark states for two-atomic-ensemble sys-
tem dressed by a single mode light field. We also con-
sidered the auxiliary role of a quantized light field. The
independent adiabatic manipulation of two classical light
fields interacting with two atomic ensembles is the key
technology for the realistic realization.
Obviously, our protocol based on this conception to
transfer information between quantum memories mainly
depends on a many-atom enhancement mechanism to re-
alize a convenient manipulation for the effective coupling
strengths (the two effective coupling strengths can be
changed independently by the stimulated Ramann adia-
batic passage). This is in fact, not quite surprising, that
earlier cavity QED experiments have relied on the en-
hanced dipole interaction of a collection of many atoms
[16–18]. In free space, the phenomena of superfluores-
cence or super-radiance [16] constitutes another exam-
ple of collective state dynamics. Notice that the electric
dipole couplings gl ∼ 1√Vl and gr ∼
1√
Vr
where Vl and
Vr are the effective model volume of fields interacting
with the left and right ensembles. So the effective cou-
pling strengths gl
√
Nl and gr
√
Nr are proportional to
the square-root of effective densities ns =
Ns
Vs
(s = l, r)
of field-atom interaction. In usual, similar to the ther-
modynamics limit, one can think ns as constants since
both Ns and Vs approach infinity. In this sense, the role
of many-atom enhancement in manipulation of the effec-
tive coupling strengths is limited by the density of atomic
gas. As mentioned in section 3, the imperfections of our
scheme are due to the inhomogeneous interaction and
out-control of atoms, which may cause the decoherence
of order
√
Ns. This shows that the technique is not ex-
tremely robust.
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